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where U is known to be the "intrinsic" oscillator potential on the Darboux spaces of nonconstant curvature determined by the kinetic energy term T and parametrized by λ. We show that H λ is Stäckel equivalent to the free Euclidean motion, a fact that directly provides a curved Fradkin tensor of constants of motion for H λ . Furthermore, we analyze in terms of λ the three different underlying manifolds whose geodesic motion is provided by T . As a consequence, we find that H λ comprises three different nonlinear physical models that, by constructing their radial effective potentials, are shown to be two different nonlinear oscillators and an infinite barrier potential. The quantization of these two oscillators and its connection with spherical confinement models is briefly discussed.
Introduction
Let us consider the N -dimensional (N D) classical Hamiltonian defined by
where λ and ω are real parameters, and q, p ∈ R N are conjugate coordinates and momenta with canonical Poisson bracket {q i , p j } = δ ij . The mathematical and physical relevance of this system rely on two main properties [1] : (i) H λ is a maximally superintegrable (MS) Hamiltonian, since it is endowed with the maximum possible number of 2N − 1 functionally independent integrals of motion; and (ii) the central potential U(q) can be interpreted as the "intrinsic" oscillator on the underlying curved manifold defined through the kinetic term T . In particular, T determines the geodesic motion of a particle with unit mass on a conformally flat space which was constructed in [2, 3] and is the N D spherically symmetric generalization of the Darboux surface of type III [4, 5] . The corresponding metric and scalar curvature depend on λ and are given by
From this viewpoint, H λ can be regarded as a MS "λ-deformation" of the N D isotropic harmonic oscillator with frequency ω since lim λ→0 H λ = 1 2 p 2 + 1 2 ω 2 q 2 . We recall that H λ can be identified as a particular case within other frameworks such as: (i) the "3D multifold Kepler" Hamiltonians [6, 7] (which generalize the MIC-Kepler and Taub-NUT systems); (ii) the "3D Bertrand systems" [8, 9, 10] (coming from a generalization of the classical Bertrand's theorem [11] to curved spaces); and (iii) the "N D position-dependent mass systems" [12, 13, 14, 15, 16, 17, 18, 19, 20] (see also references therein) provided that the conformal factor of the metric (2) is identified with the variable mass function m(q) = 1+λq 2 .
The aim of this paper is twofold. On one hand, in the next section we provide a deeper insight in the set of integrals of motion of H λ given in [1] by applying the so-called Stäckel transform or coupling constant metamorphosis [21, 22, 23, 24, 25] . In this way, we obtain the corresponding λ-deformation of the Fradkin tensor of integrals of motion [26] for the isotropic harmonic oscillator. On the other hand, we explicitly show that H λ gives rise, in fact, to three different physical models. For this latter (and main) purpose, we present in section 3 which are the underlying manifolds that come out according to the values of λ. This analysis leads to three types of manifolds which, in turn, correspond to two nonlinear oscillator systems plus a barrier-like one, which are studied in section 4 by constructing their associated effective potential. The final result is that the Hamiltonian H λ comprises the hyperbolic oscillator (λ > 0), the spherical one (the "interior" space with λ < 0) and an infinite potential barrier (the "exterior" space with λ < 0). Remarkably enough, the effective oscillator potentials are, in this order, hydrogen-like and oscillator-like, which means that the quantization of H λ would provide different types of spherical confinement models like, for instance, [27, 28] . First results in this direction [29] are briefly sketched.
Superintegrability and the Stäckel transform
The MS property of H λ is characterized by the following statement.
Theorem 1. (i)
The Hamiltonian H λ (1), for any real value of λ, is endowed with the following constants of motion.
• (2N − 3) angular momentum integrals:
where m = 2, . . . , N and C (N ) = C (N ) .
• N 2 integrals which form the ND curved Fradkin tensor:
where i, j = 1, . . . , N and such that
. . , N with a fixed index i is constituted by 2N − 1 functionally independent functions.
A restricted version of this result was proven in [1] , where only the diagonal integrals I ii and the case λ > 0 was considered. However, the same algebraic results do hold for λ < 0, and this possibility enable us to get other physical systems different from the one with λ > 0 that was solved in [1] . We also remark that the existence of a (curved) Fradkin tensor (4) is what makes H λ (1) a distinguished Hamiltonian, that is, a MS one which can be regarded as the "closest neighbour of nonconstant curvature" to the harmonic oscillator system, which is obtained in the limit λ → 0.
It is also worth stressing that theorem 1 can also be proven by relating H λ with the free Euclidean motion through a Stäckel transform [21, 22, 23, 24, 25] as follows.
Let H be an "initial" Hamiltonian, H U an "intermediate" one andH the "final" system given by
Then, each second-order integral of motion (symmetry) S of H leads to a new oneS corresponding toH through an "intermediate" symmetry S U of H U . In particular, if S and S U are given by
then we get a second-order symmetry ofH in the form
In our case, we consider as the initial Hamiltonian H (5) the free one on the N D Euclidean space minus a real constant α (related with λ and ω):
And our aim is to perform a Stäckel transform to the Hamiltonian H λ (1) but written in "final" form asH
Thus it can be checked that the transformation works provided that
and the intermediate Hamiltonian is the N D istropic harmonic oscillator
Next we consider the symmetries S of H (9) which is clearly MS and endowed with 2N −1 functionally independent functions. Some of them are exactly (3):
where m = 2, . . . , N and i, j = 1, . . . N . The symmetries S U of H U (12) read
Consequently the HamiltonianH (10) is also MS and its integrals of motionS (8) turn out to beS
Finally by introducingH = H λ − α we recover all the results given in theorem 1 proving that, in fact, the Hamiltonian H λ is Stäckel equivalent to the free Euclidean motion.
The underlying Darboux manifolds
We recall that the real parameter λ = 1/κ was restricted in [1] to take a positive value. Clearly, the superintegrability properties of the Hamiltonian stated in theorem 1 do hold for a negative λ as well. Nevertheless the underlying space and the oscillator potential change dramatically with the sign of λ in such a manner that the domain of the Hamiltonian must be restricted when λ < 0. Hence, the "generic" Darboux space (that is, the Riemannian manifold with metric (2) determined by the kinetic part of (1)) leads to three different manifolds M N which have the following geometric and topological properties.
Type I: λ > 0
The Darboux space is the complete Riemannian manifold M N = (R N , g), with metric g ij := (1 + λq 2 ) δ ij . The scalar curvature R(r) ≡ R(|q|) (2) is always a negative increasing function such that lim r→∞ R = 0 and it has a minimum at the origin
which is exactly the scalar curvature of the N D hyperbolic space with negative constant sectional curvature equal to −2λ.
Type II: λ < 0 restricted to the interior space
In this case we consider the interior Darboux space defined by M N = (B rc , g) such that
that is, B rc denotes the ball centered at 0 of radius r c which is the critical or singular value for which R(r) diverges and lim g r→rc − = 0. It is clear that M N is incomplete as a Riemannian manifold. Notice also that R(0) = 2|λ|N (N − 1), which coincides with the the scalar curvature of the N D spherical space with positive constant sectional curvature equal to 2|λ|. The behavior of R(r) depends on the dimension N as follows.
• When 2 ≤ N ≤ 6, the scalar curvature is a positive increasing function such that lim r→r − c R(r) = +∞.
• If 7 ≤ N , there is a positive maximum for R(r) corresponding to
and lim r→r − c R(r) = −∞.
Type III: λ < 0 restricted to the exterior space
To consider the exterior Darboux space, M N = (R N \B rc , g), requires to change the sign of both the metric and scalar curvature (2):
Note that M N is again incomplete. According to the dimension N , the function R(r) behaves as follows:
• For N = 2, this is a positive decreasing function such that lim r→r + c R(r) = +∞ and lim r→∞ R(r) = 0.
• If 3 ≤ N ≤ 5, the scalar curvature has a negative minimum
with lim r→r + c R(r) = +∞ and lim r→∞ R(r) = 0.
• When 6 ≤ N , R(r) is a negative increasing function with lim r→r + c R(r) = −∞ and lim r→∞ R(r) = 0.
Three radial systems and their effective potentials
Firstly, we remark that H λ can also be expressed in terms of hyperspherical coordinates r, θ j , and canonical momenta p r , p θ j , (j = 1, . . . , N − 1) defined by
so, r = |q|. Thus the Hamiltonian (1) reduces to a 1D radial system:
where
is the total angular momentum given by
Now, the geometric analysis performed in the previous section indicates that we must deal with three different physical systems that, for the types I and II we name nonlinear hyperbolic oscillator and nonlinear spherical oscillator, respectively. In these two cases the generic expression for the Hamiltonian (1) is kept (with the boundary r c for type II), while for type III the sign of the Hamiltonian has to be reversed, thus ensuring a positive kinetic term (and provided that the corresponding restriction on the domain is considered). In particular, as far as the nonlinear radial potential U(r) (17) is concerned we point out the following facts:
• Nonlinear hyperbolic oscillator. When λ > 0, the potential is a positive increasing function, such that
, U(0) = 0, and lim
• Nonlinear spherical oscillator. If λ < 0 and r < r c , the potential is also a positive increasing function verifying
• Exterior potential. When λ < 0 and r c < r we impose the change of the sign of the Hamiltonian. In this way the potential becomes a positive decreasing function:
But it is essential to stress that each of the above potentials has to be considered on the corresponding curved space described in section 3. In this respect, the complete classical system can be better understood by introducing an effective potential (EP) that takes into account each curved background. This can be achieved by applying a 1D canonical transformation [29] P = P (r, p r ), Q = Q(r), {Q, P } = 1, on the 1D radial Hamiltonian (17) yielding
Next we present such an effective potential for the three abovementioned systems.
The nonlinear hyperbolic oscillator
The 1D canonical transformation is defined by
which implies that Q(r) has a unique (continuously differentiable) inverse r(Q), on the whole positive semiline, that is, both r, Q ∈ [0, ∞); note that dQ(r) = √ 1 + λr 2 dr. This transformation yields the EP
where c N ≥ 0 is the value of the integral of motion corresponding to the square of the total angular momentum C (N ) ≡ L 2 (18) . Hence the radial motion of the system can be described as the 1D problem given by the potential U eff (Q(r)). (23) and (29) for λ = ±0.02, c N = 100 and ω = 1. The minimum of the hyperbolic potential (red curve) is located at r min = 3.49 with U eff (r min ) = 8.2 and U eff (∞) = 25, while the minimum of the spherical one (blue curve) is located at r min = 2.86 with U eff (r min ) = 12.2 and r c = 7.07. The dashed line corresponds to the effective potential of the harmonic oscillator with λ = 0 with minimum U eff (r min ) = 10 at r min = 3.16.
In fact, U eff is always positive and it has a minimum located at r min such that
Therefore, r min and U eff (Q(r min )) are, respectively, greater and smaller than those corresponding to the isotropic harmonic oscillator, which are
This EP has two representative limits:
the latter being coincident with (19) . Thus, this EP is hydrogen-like (see fig. 1 ).
The nonlinear spherical oscillator
In this case, the canonical transformation is given by
so that Q(r) has a unique inverse r(Q) on the intervals r ∈ [0, r c ) , r c = 1
The EP reads
which is always positive and it has a minimum located at r min such that
But now r min and U eff (Q(r min )) are, respectively, smaller and greater than those corresponding to the isotropic harmonic oscillator (25) . This EP has again two characteristic limits:
which means that we have a deformed oscilator potential that goes smoothly to an infinite barrier as r approaches r c − (see fig. 1 ).
The exterior potential
The canonical transformation for the third system turns out to be 
The EP is U eff (Q(r)) = c N 2(|λ|r 2 − 1)r 2 + ω 2 r 2 2(|λ|r 2 − 1)
.
The function U eff is again positive but, unlike the two previous systems, it has no minimum; this fulfils the same limits (21) so EP is an infinite (left) potential barrier which is represented in fig. 2 . Finally, some remarks concerning the quantization of these systems are in order. The nonlinear hyperbolic oscillator (λ > 0) has been fully quantized in [29] and its discrete spectrum is given by
The corresponding stationary states have been obtained in analytic form. Note that the limit n → ∞ of E n is just the asymptotic value ω 2 /2λ, as expected.
In view of the shape of the effective potential (see fig. 1 ), the quantum spherical oscillator (λ < 0) should provide a new radial confinement model that could be useful as a position-dependent-mass model for spherical quantum dots [30] . The exact solution of the corresponding Schrödinger problem is still in progress. 
